Abstract. This note presents nearly-best rational approximations for the Coulomb phase shift <r0(rf) = arg r(l + /íj). Maximal relative errors range down to between 4.24 X 10-1' and 1.09 X 10-20. The nontrivial zero of <r0(?;) is also given.
Introduction.
The Coulomb wave functions FL(r¡, p) and GL(r¡, p) are the two real, linearly independent solutions of the second-order differential equation is the Coulomb phase shift [1] . These Coulomb functions and phase shifts are frequently of importance in quantum-mechanical scattering problems.
At present, satisfactory techniques exist for calculation of the FL(r¡, p) [2] , [3] , but the techniques for calculating the GL(r¡, p) and the cL(r¡) [4] , [5] are slow and not too accurate. In particular, calculation of the aL(r¡) is generally based on the asymptotic expansion of In T(z). Using the first three terms in this expansion, we find Tables II-IV. In this note we present rational Chebyshev approximations that allow rapid, direct evaluation of <r0(r¡) for up to 20 significant decimal places. Equation (1.2) can then be used to find crL(n) for other L. In addition, the nontrivial zero of a0(y) is presented to 22 decimal places. Standard versions of the Remes algorithm for rational Chebyshev approximation [6] , [7] were used to generate the rational approximations. Function values were computed as needed using various methods, depending on the value of r¡. For small r¡, the computation was based on the series expansion oe n
The power series for a0(v) derived from (2.1) was transformed into a rapidly convergent and computationally stable continued fraction. Necessary values of f (n) -1 were computed to an accuracy of 25S with 40S arithmetic. For [ii -t)o| < .0005, a Taylor's series expansion about r/o was used. For all other values of i\, a0(v) was computed by first using the well-known convergent continued fraction to evaluate In r(5 + irj), and then recurrence (1.2). Newton's method was used to determine rj0.
All computations were carried out on a CDC-3600 computer in 25S arithmetic. By comparing the various methods for computing cr0(r;) against one another, the accuracy of the master routines was verified to at least 22S. 3 . Results. Table I lists the values of
(here á¡m(7¡) denotes the appropriate approximation and the maximum is taken over the appropriate interval) for the initial segments of the various L«, Walsh arrays. Tables II-IV present coefficients for selected approximations along the main diagonals of these arrays. All coefficients are given to an accuracy slightly greater than that justified by the maximal errors, but reasonable additional rounding should not seriously affect n / n It is best to compute T72 -t¡20 as (17 -770)(rj + t¡0), with the factor 77 -770 computed to higher than machine precision. This can be accomplished by representing 770 in two parts, 770 = 77, + 7j2, such that the floating point exponent for tj2 is much less than that for 77!. To facilitate that representation, we give both the octal and hexadecimal representation of t¡0: rio = 1.63434 12515 76727 04710 445658 If function values are desired for negative arguments, the relation <r0(-rj) = -<r0(i7)
can be used.
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